We present a nondestructive parity-check detector (PCD) scheme for two single-electron quantum dots embedded in double-sided optical microcavities. Using a polarization-entangled photon pair, the PCD works in a parallel style and is robust to the phase fluctuation of the optical path length. In addition, we present an economic entanglement purification protocol for electron pairs with our nondestructive PCD. The parties in quantum communication can increase the purification efficiency and simultaneously decrease the quantum source consumed for some particular fidelity thresholds. Therefore, our protocol has good applications in the future quantum communication and distributed quantum networks.
I. INTRODUCTION
Quantum communication is a very promising technique for sending information in an absolutely secure way [1] . Quantum entanglement, as one of the core resources of quantum information, plays an important role in quantum communication, quantum metrology, and distributed quantum computation [2] [3] [4] [5] [6] [7] [8] . However, quantum entanglement could only be created locally and the distribution of quantum entanglement is a prerequisite for various quantum communication protocols, such as quantum key distribution [9] [10] [11] [12] , quantum teleportation [13, 14] , quantum secret sharing [15] [16] [17] , and quantum secure direct communication [18] [19] [20] [21] [22] [23] . The distance of entanglement distribution, in practice, is largely limited by channel noise, leading to an exponential attenuation and decoherence when increasing the channel distance [2] .
Quantum repeater [24] [25] [26] is an efficient protocol to establish a long-distance entanglement channel connecting two remote quantum nodes in a quantum communication network. By dividing the channel into many shortdistance channels with several quantum nodes, the locally created entanglement will be shared by neighboring nodes after entanglement distribution. The entanglement is then further extended to cover larger distance by entanglement swapping [27] [28] [29] [30] . The decrease of the entanglement due to channel noise could be compensated by quantum entanglement concentration [31] [32] [33] [34] [35] [36] [37] [38] and quantum entanglement purification [39] [40] [41] [42] [43] [44] , which in principle could lead to the maximal entanglement between any two nodes in a quantum communication network [1] .
Entanglement purification is one of the passive methods to depress the negative effects of channel noise [39] . It can obtain some high-fidelity nonlocal entangled subsystems from an ensemble in a mixed entangled state. In 1996, Bennett et al [40] presented the first entanglement purification protocol (EPP) to purify a Werner state with quantum controlled-not (CNOT) gates and bilateral rotations. In 2001, Pan et al [41] introduced a simplified EPP with polarization beam splitters and single-photon detectors. In 2002, Simon and Pan [42] proposed an EPP for a practical parametric down-conversion source. Especially, based on the cross-Kerr nonlinearities, an efficient polarization EPP and an efficient multipartite EPP were proposed by Sheng et al [43] and Deng [44] , respectively. In these schemes, one can increase the fidelity of quantum states by repeatedly performing the purification protocols [43, 44] . In 2010, Sheng and Deng [45] proposed the concept of deterministic entanglement purification for two-photon entangled systems, and they presented a two-step deterministic EPP for polarization entanglement with the hyperentanglement. Subsequently, Li [46] and Sheng and Deng [47] independently proposed a one-step deterministic EPP for polarization entanglement with only the spatial entanglement of photon pairs, resorting to linear-optical elements. These deterministic EPPs are extended to purify multipartite entanglement [48] and to the one assisted by time-bin entanglement [49] . Subsequently, Sheng and Zhou [50] proposed a deterministic EPP for secure double-server blind quantum computation. Deterministic EPPs [45] [46] [47] [48] [49] [50] are significantly different from conventional EPPs [39] [40] [41] [42] [43] [44] as they work in a completely deterministic way, which largely reduces quantum resources in a quantum network. The another interesting branch in the development of EPP is the hyperentanglement purification. In 2013, Ren and Deng [51] presented the first hyperentanglement purification protocol (hyper-EPP) for two-photon sys-tems in polarization-spatial hyperentangled states, and it is very useful in high-capacity quantum networks. In 2014, Ren, Du, and Deng [52] gave a two-step hyper-EPP for polarization-spatial hyperentangled states with the quantum-state-joining method, and it has a far higher efficiency. In 2016, Wang, Liu, and Deng [53] presented a general hyper-EPP for two-photon six-qubit quantum systems, and it has a even higher capacity. Besides, there are also some other interesting EPPs [54] [55] [56] [57] [58] [59] , such as the first hybrid EPP for discrete-variable and continuousvariable entanglement [54] , the EPP using cross-Kerr nonlinearity by identifying the intensity of probe coherent beams [55] , and so on.
Singly-charged quantum dots (QD) are one of the competitive candidates for quantum information processing [60] [61] [62] , due to their unique character for implementing qubits and the mature developed semiconductor technology [63] . Fast manipulation and measurement on single QD have also been experimentally demonstrated [64] . Meanwhile, the electron-spin coherence time of the QD is demonstrated to be the scale of several microseconds [65] , and it is long enough when compared with the picoseconds manipulating time on single QDs. By embedding a singly-charged negative QD in a microcavity, one can implement an interesting interface and achieve the effective interaction between an electron spin and a single photon. In 2008, Hu [66] detailed the giant circular birefringence originated from the spin-dependent dipole coupling for a negatively charged QD embedded in a micropillar cavity. This QD-cavity system is then extensively researched and is exploited for photon-photon and spin-photon entanglement generation [67] [68] [69] , universal quantum gates [70] [71] [72] [73] [74] , Bell-state analyzers [75] [76] [77] [78] , and quantum transistors and routers [79, 80] . Furthermore, a general EPP for electron-spin entangled states was proposed by constructing a parity-check detector (PCD) for two electron spins [81] . In this EPP, the PCD is implemented by subsequently scattering one single photon with two QDcavity unions and two effective input-output processes are involved. Recently, Li and Deng [82] proposed an error-rejected PCD for electron spins with one effective input-output process, and it is robust to various kinds of errors involving in a practical single-photon scattering process.
In this paper, we propose a high-performance PCD for QD-confined electron-spin systems based on linear optical elements and double-sided microcavities. By introducing a polarization-entangled photon source and inputting each photon of the entangled photon pair into the corresponding QD-cavity unions, the PCD works in a parallel way and is heralded by the coincident click of single-photon detectors. The two photons are scattered simultaneous by the corresponding QD-cavity union, and then they are measured immediately after the scattering process other than that measured in the middle point after a single-photon interference [82] . Therefore, our parity-check detector will be more efficient than the ones based on single-photon scatting process when dealing with nonlocal electron spins that depart from each other. In addition, we present an economic EPP for electronspin pairs with our PCD. We can increase the purification efficiency and simultaneously decrease the quantum source consumed for some particular fidelity thresholds, due to the purification-order independent character of the EPP.
II. PARITY-CHECK DETECTOR BASED ON DOUBLE-SIDED MICROCAVITY
The QD-cavity union consists of a double-sided optical cavity and a negatively charged single-electron QD is shown in Fig.1 (a) [67, 68] . When the QD is excited, it creates a negatively charged trion X − that consists of two electrons and a positive hole. There are two degenerate states of the X − denoting as |↑↓⇑ and |↓↑⇓ . According to Pauli's exclusion principle, two possible transitions of the QD are respectively related to the creation or annihilation of a single polarized photon of spin s z = +1 and s z = −1, shown in Fig.1 (b) . Ideally, for a particular input state, the output state after the scattering process will be detailed as follows [67, 68] :
Here |p, s = |p ⊗ |s denotes a product state of a single photon |p and an electron spin |s , for example
The states | ↑ and | ↓ represent spin-up and spin-down states of the electron. |L and |R represent right-circularly polarized and left-circularly polarized single photons along the propagation direction, respectively. The superscript arrow ↑ or ↓ represents that the direction of the input photon is parallel or antiparallel to the z axis of the electron spin. Based on the conditional scattering detailed in Eq. (1), we propose a nondestructive PCD scheme for measuring the parity of two-electron systems. The principle of our PCD is shown in Fig. 2 . The entanglement source (ES) emits photon pairs in the maximal entangled state
The two photons are, respectively, injected into two identical QD-cavity unions. In each side, the photon is firstly divided into two propagating modes of different polarizations by a circularly polarized beam splitter (CPBS), and then the two modes are transmitted into the microcavity from each side. After the interaction between the photon and electron, the two photons will be output from either the top or bottom of the corresponding microcavity and click two of the four single-photon detectors. When the spin parity of the electrons is even, detectors of the same side D 1 D 2 or D 3 D 4 will click. However, when the parity is odd, detectors of the opposite sides D 1 D 3 or D 2 D 4 will click. To be specific, the evolution of this process can be detailed as follows:
and
III. ENTANGLEMENT PURIFICATION FOR TWO-ELECTRON SYSTEMS
In practice, the entanglement shared by two nodes in a quantum communication network is always less entangled, due to the channel noise involving in entanglement distribution process [1, 2] . The original maximal entangled state will probably become into a two-qubit mixed states due to the random character of the channel noise, both bit-flip and phase-flip errors take place randomly. Suppose two nodes, Alice and Bob, share an ensemble of less entangled two-qubit mixed states ρ. In order to share pairs of high-entangled electrons they can perform purification to decrease both the bit-flip and the phaseflip errors.
A. Purification for bit-flip error
Suppose the ideal target electron pair connecting two nodes Alice and Bob are in state |φ
. When a bit-flip error takes place in entanglement distribution, the initial mixed entangled state ensemble shared by Alice and Bob will be described by the density matrix,
Here |φ + e is the error-free component, and |ψ 
, and (1 − F ) 2 , respectively. To obtain an electron pair of higher fidelity, Alice and Bob firstly perform a quantum nondemolition PCD respectively on the electron pair in their own nodes, that is they check the parity of their own electronpair AC and BD. If the four electron system is in state |φ + e AB |φ + e CD , and the corresponding probability p 0 = F 2 , the combined state of the photon-electron hybrid system before the two photons are measured will evolve into 1 2
Here |φ photon pair belonging to Alice and Bob, respectively. If both of the two entangled photon pairs are in even parity |RR (|LL ), they will click the detectors of the same side in each of the two PCDs. Now, Alice and Bob will share a four-electron entangled state
However, if both of the two entangled photon pairs are in odd parity, |RL (|LR ), they will click the detectors in different sides of each PCD. The four-electron state shared by Alice and Bob will be
Subsequently, Alice and Bob perform a measurement on electron C and D in the basis {|± = (| ↑ ±| ↓ )/ √ 2}. If Alice and Bob both get the outcome |+ or |− , they will directly share a pair of maximally entangled electron pair AB in state |φ 2 , Alice and Bob will get the same outcome when performing parity-check measurement on their own electron pairs. However, when both of them get the even-parity outcome, the four electron state will be projected into
When both of them get the old-parity outcome, the fourelectron state will be projected into
Now the measurement on electrons C and D in the basis {|± } will collapse both states |Ψ + e and |Ψ + o into the entangled state |ψ + e AB , up to a local phase-flip feedback on either electron A or B. This leads to the error component that contributes to the final state after the first round purification and the corresponding probability is PCDs on their own electron pair AC and BD. The measurement on electrons C and D projects the electronpair AB into a mixed state that consists of |φ + e AB and |ψ + e AB with equal probability, which will be abandoned. In practice, the two nodes, Alice and Bob, can distil a pair of higher fidelity electron-pair AB in a nondeterministic way, by picking out the first two cases discussed above. The mixed state of electron-pair AB now is described by a density matrix similar to that shown in Eq. (4),
The fidelity of this new state ρ 1 is
It will be easily found that F 1 > F when the initial F is larger than 1/2, which means the probability of |φ + e in the mixed state ρ 1 is increased and the fidelity of ρ 1 is increased simultaneously. The efficiency of the EPP, which is defined as the probability that the original components are kept for partial measurement on electrons C and D, is
By iterating this purification process, Alice and Bob can in principle correct the bit-flip error totally and share an ensemble of maximally entangled electron pairs in a heralded way.
B. Purification for phase-flip error
In the previous subsection, we detailed the purification process for bit-flip errors. Now we start to explain the principle of the phase-flip error purification in the present scheme. Usually, the length variation of the transmission channel will inevitably introduce a random phase shift to the entangled electron pair. The dephasing noise will distort the initial maximal entangled state into a mixed one,
where |φ (| ↑↓ + | ↓↑ that contains a bit-flip error. In this way, Alice and Bob turn the phase-flip error into a bit-flip error, and then they can purify the bit-flip error with the protocol presented in previous subsection.
C. Purification with non-identical electron pairs
In quantum networks, quantum error correction with a given redundant encoding can work efficiently when the fidelity of electron pairs are higher than a critical threshold value [83, 84] . Although one can iterate the purification protocol with two copies of identical electron pairs, and then generate an entangled electron pair of a higher fidelity, it might be more economic to purify electron pairs by assisting electron pairs with less fidelity from the point of practice. One can purify an electron pair generating from the m-th purification round with an electron pair from (m-n)-th purification round with n ≤ m.
After the first round of purification for the bit-flip errors, electron pairs will evolve into a mixed state with the fidelity F 1 = 
up to a local phase-flip operation on either electron
The corresponding efficiency of the EPP process is
which equals the success probability of two purification procedures: one is the creation of electron pair A ′ B ′ with the purification procedure using two electron pairs of initial fidelity F , and the other one is the purification procedure using electron pairs A ′ B ′ and C ′ D ′ with initial fidelity F ′ and F . In a similar calculation, one can give out the fidelity F 2 of the second round purification using two pair of electrons with initial fidelity F 1 .
The corresponding efficiency η 2 is the joint probability of the success of two first round purifications with initial fidelity F and one second round purification with initial fidelity F 1 ,
In addition, one can also find the fidelity F ′ 2 = F 2 and the efficiency η ′ 2 = η 2 of the purification protocol using two electron pairs of different initial fidelity, say F ′ 1 and F . These two different purification arrangements consume the same quantum source and the corresponding performances are shown in Fig. 4 .
D. Performance of entanglement purification
The purified fidelities and efficiencies versus the initial fidelity are shown in Fig. 4 . For the purified fidelity of the final entangled electron pair, it is only dependent on the number of the electron pair that is used for purification, while it is independent on the purification arrangements. When four electron pairs are used to perform purification to generate a high-fidelity electron pair. The purified fidelity F 2 of second round purification is identical to F ′ 2 which is obtained by purifying an electron pair of a fidelity F three times with three identical electron pairs of the fidelity F , shown in 4 (a). Moreover, in order to share entangled channel of a fidelity higher than a threshold value, such as F th = 0.98, Alice and Bob could choose different purification arrangements according to the initial fidelity of electron-pair ensembles available. For ensembles with the initial fidelity F > 0.724 and F < 0.785, it will be more efficient to perform the symmetrical purification to the second round to generate the desired electron pairs. However, for ensembles with the initial fidelity F > 0.785 and F < 0.875, it will be enough to generate electron pairs of a fidelity F ′ 1 > F th by performing purification using electron pairs with fidelities F 1 and F . It will consume less electron pairs when compared to the second round purification in symmetrical arrangement. For ensembles with initial fidelity F > 0.875 and F < 0.98, one just needs to perform the purification once to get the desired electron pairs.
The efficiencies of different purification arrangement are shown in Fig. 4 (b) . The efficiencies are independent on the purification order as well, and they are significantly affected by the initial fidelity F and the number of electron pairs consuming in purification processes.
Therefore, it will be more economic to use the symmetrical purification arrangement for low-entangled ensembles at first, and then perform purification with electron pairs generating from different purification rounds, such as the one F > 0.785 and F < 0.875, to generate the final desired electron pairs. In this way, one can perform the purification with a higher efficiency and simultaneously consume less quantum sources.
IV. PRACTICAL PCD WITH CURRENT EXPERIMENTAL PARAMETERS
The single photon scattering involving in our PCD, in practice, will be more complicated than the simplified version shown in Eq. (1) for addressing the PCD explicitly. A single photon will be scattered into both the reflection and transmission modes simultaneously with different probability amplitudes. Therefore, for a given input state, the practical output state after the scattering process should be modified into [25, 26] 
Here the coefficients r (t) and r 0 (t 0 ) are the reflection (transmission) coefficients for hot and cold cavities [25, 26, 67, 68] , respectively.
where the input photon is resonant to the QD transition and the cavity mode. κ, κ s , and γ/2 are the cavity-field decay rate, the cavity side-leakage rate, and the QD decay rate, respectively. g is the coupling strength between the QD and the cavity mode.
The fidelity of a PCD is defined as the overlap between the outputs for the ideal and the practical scattering, and the corresponding efficiency is defined as the probability that the PCD succeeds, which is heralded by two-photon detection in our PCD scheme. Here we exploited the average fidelity and efficiency over all pure states to test the performance of our PCD [85] , shown in Fig. 5 . The average fidelityF e (F o ) for the even (odd) outcome of the PCD is larger than 0.990 for κ s /κ < 0.1 and g/κ > 1.5. Meanwhile, the corresponding average efficiencyη e (η o ) is larger than 0.439. All the average fidelities and efficiencies increase when the QD-cavity coupling g/κ is increased or the cavity side-leakage κ s /κ is decreased. Currently, the strong coupling g/(κ + κ s ) > 1 has been observed in various QD-cavity systems [86] [87] [88] . Furthermore, one can control g and κ independently to achieve a larger ratio g/(κ + κ s ) [89] , since the coupling strength g depends on the dipole of QD exciton and the cavity volume, while the cavity-field decay rate κ is determined by the cavity quality. Therefore, our PCD scheme works faithfully with a near-unity fidelity, and the total average efficiency will be larger than 0.878, which could, in principle, approach unity when ideal single-photon scattering is used.
V. DISCUSSION AND SUMMARY
Usually, channel noise will inevitably decrease the fidelity of the entanglement, which decreases the security of quantum communication and increases the probability of error output in distributed quantum networks [90, 91] . Entanglement purification is an efficient passive method to depress the negative effect of channel noise and to improve the fidelity of less entangled systems [40] . Here, we described an efficient protocol for entanglement purification for electron-spin systems by constructing a nondestructive PCD with an entangled photon pair and rearranging the order of purification process. In our PCD, each photon will only be scattered by one QD-cavity union and then be detected directly after it leaves the cavity. Therefore, our PCD works in a parallel style other than a cascaded one [69, 81] . Moreover, the photon is encoded in polarization degree of freedom and the phase fluctuation due to the variation of optical-path length will appear as a global coefficient [92] . In addition, no single-photon quantum interference is involved in our PCD scheme, since the photons are detected directly after scattered by the QD-cavity unions. Therefore, our PCD will, to some extend, be robust to the fluctuation of optical-path length [1] between the entangled photon source and the QD-cavity union and it could be directly extended to multiple-particle systems [93] [94] [95] [96] .
By rearranging the order of purification process, we find that both the fidelity and the efficiency are determined by the initial fidelity and the number of the electron pairs, while they are independent on the purification orders. Therefore, it will be more economic to perform purification in a combination style with both symmetrical purification using identical electron pairs and purification using electron pairs from different purification rounds. In this way, we can purify a given electron pair with less ancillary electron pairs and simultaneously a higher efficiency when compared with the symmetrical purification protocol using only identical electron pairs [39] [40] [41] [42] [43] [44] 81] .
In summary, we have proposed an efficient PCD for two electrons based on double-sided microcavity and polarization-entangled photon pair. The PCD works in a parallel style and is robust to the phase fluctuation of the optical path length, which is more efficient for nonlocal quantum information process and then large scale quantum computing. Based on this, we gave out an economic entanglement purification protocol. We found that the fidelity of the target electron pair is only determined by both the number and the initial fidelity of ancillary electron pairs, while it is independent on the purification orders. Our protocol will find its applications in the future quantum communication and distributed quantum networks.
